We present a polarization shaping technique for few-cycle terahertz (THz) waves. For this, N femtosecond laser pulses are generated from a devised diffractive optical system made of as-many glass wedges, whcih then simultaneously illuminate on various angular positions of a sub-wavelength circular pattern of an indium arsenide thin film, to produce a THz wave of tailor-made polarization state given as a superposition of N linearly-polarized THz pulses. By properly arranging the orientation and thickness of the glass wedges, which determine the polarization and its timing of the constituent THz pulses, we sucessfully generate THz waves of various unconventioal polarization states, such as polarization rotation and alternation between circular polarization states. 1968-1970 (2007).
Introduction
Ultrafast pulse shaping technique has enabled on-demand generation of visible light of arbitrary waveforms, making significant contributions in many research areas including laser spectroscopy [1] , quantum control of non-linear processes [2] , and magnetic spin state control [3] , to list a few. Among the many degrees of freedom of light, polarization has been the least under consideration. In recent years, however, polarization has gradually become an important control parameter, and the polarization state shaping of optical frequency wave, which has been pursued with the help of well-developed optical devices and components, such as optical gratings, or liquid crystal devices [4] , is succesfully applied for spintronics [5] and photo-biochemistry [6] .
What about THz frequency wave? Recently, this undeveloped frequency region has attracted a great deal of interest [7, 8] . THz frequency waves of controlled polarization state are relevant in use for many fundamental studies. For example, the material waves of which the frequency belongs to THz region include the spin wave of magnetic materials and the vibrational waves of circularly dichroic biological molecules [9] [10] [11] . Additionally THz-frequency communication is another attractive issue, where the polarization synthesis may play an as important role as in radio-frequency communications [12] . There have been attempts to achieve the circular polarization of THz frequency waves by combining a couple of linearly-polarized THz waves [13] ; or by passive optical components, such as prisms [14] , Fresnel rhombs [15] , achromatic wave plates [16] . Yet, the scope of THz-version of polarization state shaping is rather limitted to a few simple polarization states.
In this paper, we present an idea of polarization state shaping for arbitrary waveform synthesis for THz frequency waves, inspired by the recent work carried out by Klatt and coworkers [17] . According to their report, the photo-Dember current injected by a femtosecond laser pulse that illuminates on a metal-semiconductor interface flows perpedicular to the interface, and, as a result, the THz wave radiated in the direction of the surface normal is linearlypolarized, perpendicular to the direction of the interface. We can then use a circular interface betweem the semiconductor and metal to generate THz wave linearly-polarized along an arbitrary direction. With this method, then multiple THz waves simultaneously generated from different locations of the circular interface can be superposed to make a polarization shaped THz wave. In the subsequent sections, after introducing a new definition for the polarization state of few-cycle THz pulses, we present an experimental demonstration of THz polarization synthesis technique. Diffractive optical systems are devised being made of N glass wedges (N = 4 or 6), which are used to produce the proprely arranged as-many optical pulses in time and space. When a femtosecond laser pulse passes through one of the diffractive optical systems, a set of laser pulses arranged in time and space is produced, which then illuminates a sub-wavelength InAs thin film to produce THz waves of tailor-made polarization states. After the proof-ofprinciple experiments, a short discuss of the validity of this polarization shaping technique follows.
Polarization representation for few-cycle THz waves
The nature of the polarization of few-cycle or sub-cycle waves differs from the well-known behavior of monochromatic or quasi-monochromatic waves [15] . As such extremely short pulses consist of a broad range of spectral components, the slowly-varying envelope approximation, which is the presumption for the conventional polarization representations, including Jones vector, Stokes vector, and Poincaré sphere representations, is not adequate. Note that the Jones vector representation uses the phase delay between two linear polarization components, defined as a function of a carrier frequency; and that the principal axes and the polarization ellipticity in Poincaré representation make no sense if the polarization changes significantly in one cycle of oscillation.
In order to properly describe the polarization state of a few-cycle pulse, therefore, a new definition for polarization ellipticity is needed, without relying on the slowly-varying envelope approximation and strictly given in terms of its constituent linear-polarization components in time domain. In mathematics and signal processing, the analytic, or time-varying complex, representation of a real-valued function facilitates the time dependence of otherwise time-invariant physical parameters, such as amplitude, phase and frequency, etc [18] . Suppose a time-varying electric field is given as a superposition of two orthogonal fields,xE x (t) andŷE y (t), linearly polarized along the x-and y-axes, respectively. We may then define their complex field amplitudes E x,y (t) using the so-called analytic signal representation,
where H[E x,y (t)] are the Hilbert transformation of E x,y (t) given as
where P denotes the Cauchi principal calculation. Then, the amplitudes of its right-circularly polarizated component,Ẽ R (t), and of its left-circularly polarized component,Ẽ L (t) are given as
These defined parameters satisfyẼ
2 denote the right-and left-circular polarizations, respectively, as in Johns vector representation [19] .
In Poincaré sphere representation [20] , the angle of polarization ellipticity is detemined by the ratio of the semi-major and semi-minor axes of an electrical field ellipse. For a monochromatic wave, the semi-major axis is the sum of the absolute values of the right-and left-circular polarization amplitudes, and the semi-minor axis is the difference between them. In this regard, we may newly define the polarization ellipticity ε without a loss of generality as
instead of using semi-major and semi-minor axes. This definition of the polarization ellipticity ε can be further simplified as,
so ε is in fact the ratio of the right-and left-circular polarization amplitudes.
To examine the nature of the polarization state change, we consider a polarization shaped THz pulse, given as a sum of two orthogonally polarized half-cycle pulses, as
where τ is the gaussian pulse duration, t 1 and t 2 are the time delays of the pulses. For simplicity, τ = 1 ps, t 1 = 3 ps, and t 2 = 4 ps are chosen. Figure 1 (a) shows the numerical calculation for the temporall profile and the polarization state chage of the shaped THz pulse, which shows that the electric field starts being polarized along the y-axis, becomes left-circularly polarized, and ends being linearly polarized along the x-axis. The polarization amplitudes Ẽ R (t) (blue) and Ẽ L (t) (red), are drawn in Fig. 1(b) , and the polarization ellipticity in Fig. 1(c) . The results confirms that the polarization state changes sequentially from linear, left-circular, and back to linear polarization states.
Experimental description
Experiments were performed in a THz time-domain spectroscopy setup. The laser source was a Ti:sapphire laser oscillator which produced 100-fs pulses at a repetition rate of 100 MHz, and the central wavelength was 840 nm. The laser pulses were illuminated on an InAs thin film to generate THz pulses, as shown in Fig. 2 . For the generation of polarization-shaped THz pulses, a disk-pattern of the InAs film was used. The InAs disk pattern was fabricated similarly to our previous work [21] . The (100)-oriented InAs thin film was grown by molecular beam epitaxy on AlAsSb buffered GaAs substrates. The grown InAs film and the AlAsSb buffer thicknesses were 900 nm and 2200 nm, respectively. Before the substrate was etched, we deposited the metallic hole pattern on the InAs thin film by photolithography and lift-off process for this present work. The diameter of the disk was 200 μm, and the laser spot of 5 μm diamter on its circular edge acted like a THz single point generator at the far-field. For THz detection, a microlens-coupled interdigital photoconductive antenna (PCA) was used [22] . Both the x and y polarization components were measured by rotating the PCA, as the PCA itself is capable of polarization sensitive detection [23] . In order to deliver the laser beams of each power of 15 μW on specific angular locations of the InAs disk edge, we have devised a diffractive optical system made of a set of glass wedges. From a single edge, for example, a collimated laser beam is diverted, as shown in an inset figure of Fig. 2 , to an angle φ = sin −1 (n sin α) − α, where n is the index of reflection and α is the apex angle of the glass wedge, and focused by a trasform lens of focal length f . Then, the laser intensity at the InAs film plane (X,Y ) is given by where I(x, y) is the laser intensity at the wedge plane, w(x, y) is the spatial phase modulation induced by the wedge, and k is the propagation constant [24] . The spatial phase modulation w(x, y) is given by w(x, y) = e ik sin φ (x cos θ +y sin θ ) ,
where θ is the azumuthal angle of the wedge, and Eq. (7) becomes
where (X w ,Y w ) = ( f sin φ cos θ , f sin φ sin θ ). Therefore, the laser beam is focused at (X w ,Y w ) in the InAs flim.
In our experiments, f = 12 mm and φ = 0.5 • were used to satisfy f sin φ = d/2, where d was the diameter of the InAs disk. Therefore, as a function of the angle θ of the glass wedge, the laser beam was directed to the angular spot (X,Y ) = d/2(cos θ , sin θ ) on the edge of the InAs disk. For the laser spot small enough compared to the InAs disk, the photo-Dember current flew generated perpendicularly to the hole edge in the plane, and the emitted THz field E(t) was polarized along the direction of θ , as
whereθ =x cos θ +ŷ sin θ , and E one (t) is the electric field time trace of a single THz pulse emitted by a laser spot on the InAs film. Asθ was changed from 0 • − 360 • by rotating the glass wedge, an arbitrary direction for a linearly polarized THz field was obtained.
For the generation of a complex polarization state of a THz pulse, multiple glass wedges were used as shown Fig. 2 . We used two sets of multiple glass wedges, 4 and 6, in our experiment. The four different angular positions at θ = 0 • , 90 • , 180 • , and 270 • were illuminated by using a set of four glass wedges, or the six different angular positions among θ = 0 • − 360 • with Δθ = 60 • by six glass wedges. All the glass wedges induced the same diversion angle φ , and the beam through each glass wedge was temporally delayed by each additional glass plate of thickness. Note that similar temporal separation techniques have been used elsewhere, for example, the echelon techniques for femtosecond pump probe spectroscopy [25] and single shot THz time domain spectroscopy [26] . In our technique, however, spatial control by glass wedge refraction was included and laser beam was focused to N different spatial locations (d/2 cos θ n , d/2 sin θ n ), for n = 1 − N, with different timing t n = (n w − 1)l n /c, where n w and l n are the refractive index and the thicknes, respectively, of the glass wedges, and c is the speed of light. The resulted THz field is given as a sum E total (t) that can be written as
and, by properly choosing eachθ n and t n , a number of THz pulses of distinct polarization state were synthesized.
Results and discussion
First, we check the polarization linearity of a simple THz pulse as a function of the azimuthal angle θ of a single glass wedge. Figure 3 shows the measured result: the peak amplitudes of the THz pulse measured along the two orthogonal linear polarization directions, x and y, are plotted as a function of θ , in Figs. 3(a) and 3(b), respectively. Their peak amplitudes show the sinusoidal behaviors of cos θ and sin θ , respectively, as shown in Fig. 3(c) , and the calculated polarization angle shows linear to the azimuthal angle θ of the glass wedge, as in Fig. 3(d) . So, Figure 4 shows the result of a four-glass wedge experiment. The four different THz pulses were overlapped in time, with individual linear polarization direction and of individual time delay. So, a polarization shaped THz wave was generated, as shown in Fig. 4(a) . Along the propagation direction, the electric field vector rotated about 3π/2 angle in radian. The thickness and the azimuthal angle of each glass wedge were chosen as (l n , θ n ) = (3 mm, 270 • ), (4 Fig. 4(a) . With this arrangement of the glass wedges, the delay times and the polarization directions of the individual THz pulses are given as (t n ,θ n ) = (1.5 ps, -ŷ), (3.0 ps,x), (4.5 ps,ŷ), and (6 ps, -x), respectively. The resulting THz wave (blue) is plotted in Fig. 4(a) , along with the three projections to the x-polarization (black) and the y-polarization (green), and their parametric (red) planes, where the dots represent the experimental result and the lines the simulation. Figure 4(b) shows the amplitude absolute of the left-and right-circular polarizaton components, Ẽ R (t) and Ẽ L (t) , respectively, as defined in Eq. (3). The polarization ellipticity is plotted in Fig. 4(c) . The polarization rotation of the generated THz wave is less than 2π, so defining the ellipticity based on the principal axis of Poincaré representation may be inadequeate. Instead, we use the ellipticity parameter ε(t), defined in the Eq. (4), to describe the polarization change. The dots in Fig. 4(c) denote the experimental data and the solid line the simulation, which shows that the THz wave began with linear polarization, gradually varied its polarization, and ended back to a wave of linear polarization. Figure 5 shows the result of a six-glass wedge experiment. In this experiment, six glass wedges with thickness of 3, 3.6, 4.2, 4.8, 5.4, and 6 mm, respectively, were used, and their time delays were given as t n are t n = n × 0.9 ps for n = 1 to 6. Two types of time-varying polarization states were made, with two sets of glass wegde arrangements, as shown in the insets of Figs radius of the InAs disk pattern. So, the maximum number of wedges is determined by the relation between the size of focused laser spot and the geometrical factors of the glass wedges. Suppose that the glass wedges are of a square shape of length L, which is the maximally allowed size for incoming laser beam. Then, the lateral size d of the laser spot is given by,
where λ is the wavelength of the femtosecond laser. In our experimental condition, d ≈ 0.02 mm 2 /L. Considering the size of the InAs pattern, that is D = 200 μm, and the validity condition, D d, we can estimate that the number of allowed angular positions for the focused laser spots, given approximately as A/L 2 , where A is the lens area, reaches up to a few hundreds. Therefore, a few hudreds of glass wedges could be used in the THz pulse shaping method.
It is also worth to discuss about a proper size for the InAs pattern. If the diameter of the pattern D is increased, the experimental condition easily follows the postulation that femtosecond laser spots should be much smaller then the pattern size. However, at the same time, the spatial distribution of the THz emission points gets increased, causing an amplitude loss of the resulting net THz wave. For an estimation, we use Fourier optics theory to estimate this loss η, which is given by
where J 1 is the first-order Bessel function of the first kind, λ T Hz is the wavelength of the THz wave, and f # is the f -number of its focusing optics. In our experiment, f # =1, and the amplitude loss ratio is estimated less then 10% for the most part of the frequency range of the generated THz waves. If we used a circular pattern with D = 600 μm, a 30% amplitude loss at 0.5 THz is expected.
Summary
In summary, we have presented a THz pulse shaping technique for polarization state control, by superposing a number of THz pulses of various linear polarization vectors. For this, a number of femtosecond optical pulses were arranged spatially and temporally with a set of glass wedges of various thickness, and were used to illuminate on various angular locations of the circular edge of a InAs disk pattern. Then, the lateral photo-Dember currents off from the edge interface generated linearly polarized THz pulses, whose polarization direction was determined by the direction of the currents. For experimental demonstration, we used two systems made of four or six glass wedges to synthesize various unconventioal polarization states, such as polarization rotation and alternation between circular polarization states.
